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Three Point Tree Level Amplitude in Superstring Theory 
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In order to check the definite amplitude and the exact zero result of the amplitude of three massless points 
(CAA) in both string theory and field theory side for p — n case and to find all gauge field couplings to R-R 
closed string, we investigate the disk level S-matrix element of one Ramond-Ramond field and two gauge field 
vertex operators in the world volume of BPS branes. 
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1. Introduction 

Due to the fact that Dp-branes are the source 
of Ramond-Ramond (p-l-l)-form fields in IIA and 
IIB string theories [T], and that many properties 
of them have been investigated |2l3j . they are of 
high importance in both theory and phenomenol- 
ogy. The stable Dp-branes {p is even in IIA and 
odd in IIB theory) preserve half of supersymme- 
try. 

Stability, supersymmetry, conserved Ramond- 
Ramond (RR) charge and having no tachyons 
are, in fact, all properties of these type II Dp- 
branes. All supersymmetric Dp-branes in IIA 
can be generated as bound states of Dg-branes 
[1]. They can also be derived from K-theory [S]. 
At leading order, the low-energy action for fields 
corresponds to dimensional reduction of a ten- 
dimensional U(l) super- Yang Mills theory. When 
derivatives of the field strengths are small on the 
string scale, the action to all orders in the field 
strength takes the Born-Infeld form [617] (also see 
[5] ) . The low energy action describing the dynam- 
ics of Dp-branes consists of two parts. The first 
part is the Born-Infeld action (for more details see 
[3]). In addition to providing the kinetic terms 
for the world- volume fields, the BI action con- 
tains the couplings of the Dp-brane to the mass- 
less Neveu-Schwarz fields in the bulk. The second 
part is the Wess-Zumino action, which contains 
the coupling of the U(A^) massless world volume 
vectors to the closed string RR field [lllOj . One 
method for finding these effective actions is BSFT 
PT| . To study WZ couplings for BPS branes, we 



use the S-matrix method as the second approach. 

2. The Three Point Superstring Scattering 
(CAA) 

One important tool in string theory is scatter- 
ing theory [T^]. In this section, using the con- 
formal field theory techniques I13j, we evaluate 
this scattering amplitude to find all couplings of 
one closed string RR field to two gauge fields on 
the world-volume of a single BPS Dp-brane with 
flat empty space background. A great deal of 
effort for the understanding of scattering ampli- 
tudes at tree level has been made [M] . Some pre- 
vious works on scattering including a Dp-brane 
and some other works about applications on Dp- 
brane can be found in |15| . 

To calculate a S-matrix element, one needs to 
choose the picture of the vertex operators appro- 
priately. The sum of the superghost charge must 
be -2 for the disk level amplitude. Hence, this 
S-matrix element is given by the following corre- 
lation function 
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where the vertex operator and the "doubling 
trick" have been mentioned in [16]. The Wick- 
like rule [T7] is used to find the correlator of ^p. 
The only subtlety in the use of this formula for 
currents is that the Wick-like contraction for the 
two ip^s in one current [18 should not be consid- 
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ered, so that it follows, 

A^^^ - y" dxidx2dx3dX4iP-I^(n)Mpr^I^ia 

where 

I = |a;i2r^''|a;i3a:^i4rk23a;24na;34r^'* 
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,a;i3a:i2 Xi4a;i2, 
= 2-'/^x-!/\x23X24)-'^'h''C-%p. 

For details about /^'"^ see [TB]. We define the 
Mandelstam variable as s = —^{ki + k2Y ■ 
Clearly it is seen that the integrand is invari- 
ant under SL(2,R) transformation. Gauge fixing 
this symmetry by fixing the position of the closed 
string vertex operator as 

xi = X, X2 — ~x, x^ = i, X4 — —i. 
the amplitude becomes : 

^ = ^1+^2 + ^3, (2) 
where 

A - ifc2"(2«)"''2-i/2eia66Tr(P_^(„)Mp7'') 

X / dx-{x^ -l){2x)-^'ix^ + 
Jo X 

A2 ~ -fcic(2z)-2-2i/2eia6tTr(P__^(„)Mpr'"^^) 
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A3 - -fci,(2z)-2-2i/2^ia6t(77=^Tr(F_^(„)Mp7'^) 
-r7«''Tr(P_^(„)A/,7^)) 
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X / dx—i-x^ + l){2x)-^'ix^ + 
Iq 2ix 

To obtain the definite amplitude, the real part of 
s has to be less than zero. In addition all inte- 
grations must be taken over the positive values 
of X, otherwise the terms will give rise to a 
complex amplitude. Thus, the only non vanish- 
ing integral is the second one for which the result 
is 
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To compare the field theory which apparently 
has massless field, i.e., WZ action, with the above 
amplitude, it must be expanded such that the 
massless pole of the field theory survives and 
all other poles disappear in the form of contact 
terms. Note that the S-matrix element of all four 
point massless vertex operators in superstring 
theory is also found in standard books (19f20] . 

3. Momentum expansion 

Our goal is to examine the limit of a' — > of 
the above string amplitude. Applying momentum 
conservation along the world volume of the brane, 
we see that the Mandelstam variable satisfies the 
constraint 
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It has been shown in [16] that the momentum ex- 
pansion of a S-matrix element should be in gen- 
eral around (ki + kj)^ and/or ki-kj 0. The 
amplitude must only have a massless pole in the 
(fci -|- fc2)^channel, so that the correct momentum 
expansion at the low energy limit for s-channel 
must be around (fci -I- fe)^ 0. Using the on- 
shell relations, they can be rewritten in terms of 
the Mandelstam variable as s 0. Under the 
constraint (j4]), note that PaP" —5' is allowed for 
D-branes. Therefore the S-matrix element can be 
evaluated for BPS branes. Thus, expansion of the 
functions around the above point will be 
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where some of the coefficients &„ are 

fe_i = l, feo = 0, fei = ^TT^, 62 = 2C(3). 
6 

As expected, it is seen that the obtained coef- 
ficients bn and the coefficients appearing in the 
momentum expansion of the S-matrix element of 
one RR, two gauge fields and one tachyon vertex 
operator [21] are exactly the same. 

4. Lov^r Energy Field Theory 

We focused on the part of effective field the- 
ory of D-branes which includes only gauge fields. 
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It is possible to extract the necessary terms from 
the covariant Born-Infeld action constructed as 
the effective D-brane action. The Born-Infeld ac- 
tion is an action for all orders of a'. As low 
energy non-abelian extension of the action, the 
symmetrized trace of non-abelian generalization 
of Born-Infeld action was proposed. The non- 
abelian field strength and covariant derivative of 
the gauge field are defined, respectively, as 

F"'' = d''A'' -d^A" -i[A'',A''], (5) 

DaFhc^daFhc-l[Aa,Fhc]. 

where Aq 

trices. Our conventions for A" are 



A'^Aa and Aq are the hermitian ma- 
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Kj^ki = SikSji 



Tr(A"A'3) = S"'^. 
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Due to the fact that only A2 is non-zero, we 
are not interested in fixing the overall sign of the 
amplitudes. Taking into account the related trace 
thus the string amplitude should be 
00 
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where we normalized the amplitude by 
(Aip2i/27ri/2). This amplitude IS zero upon m- 
terchanging gauge fields, rendering the whole 
amplitude is zero for an abelian gauge group. The 
amplitude also satisfies the Ward identity. Since 
the Gamma function has no tachyon/massless 
pole, the amplitude only has contact terms. The 
leading contact term is reproduced by the cou- 
pling 



|A^p(2W)2Tr(Cp_3 AFAi^). 
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The non-leading order terms have to correspond 
to the higher derivative extension of the above 
coupling. Thus, the higher vertex will be 
/ip(27ra'^2 



F(Cp_3,A3,A) 



ai---ap+i TT 

{p~2)\ ^^l-^P~2 



6. p = n case 

Despite the fact that in string theory both 
^1, ^3 are zero in this case, we would like to per- 
form the field theory calculations to confirm that, 
there is no compensation of the massless pole, 

A = V^{Cp.,,A)G'^J>f,{A)V^iA,A,,A2), 

where the vertices and propagator are 
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a, P and a, h are the group and world volume 
indices, respectively. The propagator is derived 
from the standard gauge kinetic term arising in 
the expansion of the Born-Infeld action. Note 
that the vertex Vp{A, Ai, A2) is found from the 
standard non abelian kinetic term of the gauge 
field. Also, the vertex V^{Cp-i, A) is found from 
the WZ coupling Cp_i AF. In the above formula 
k is the momentum of the off-shell gauge field. 
The important point should be made is that the 
vertex V^{A, Ai , A2) has no higher derivative cor- 
rection as it arises from the kinetic term of the 
gauge field. This vertex has already been found 
in [16]. Considering those vertices, the amplitude 
yields 
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which of course describes the apparent massless 
pole in field theory, while there is no massless pole 
in string theory. 
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7. Remarks 

In the p = n case, there is no massless pole 
at s = 0. It can be concluded that the kinematic 
factor provides a compensating factor of s, but we 
do not know how the compensation is achieved. 

To understand the vanishing amplitude, re- 
member that to produce the correct amplitude, 
we must consider all possible orderings of non 
abelian gauge fields, which means that we must 
consider resulting terms by interchanging 1 to 2 in 
([7]) as well. Note that the quantity in the square 
bracket in ([7]) is antisymmetric under interchang- 
ing 1 to 2. Therefore, apart from the coefficients, 
the final result for the amplitude is given by 

A = Kia(A:i-/c).e2+6a(A:-A:2).a+6-6 

x(Tr(AiA2)-Tr(A2Ai)). 

The fact that the amplitude is zero, indicates 
two concrete points. First, gauge fixing has to 
be done over the positive values of x; otherwise 
we will have a complex amplitude. Therefore, the 
upper and lower bound of the integration in string 
theory have been chosen correctly. Second, there 
was an apparent massless pole in field theory. 
However, the amplitude vanishes not because of 
compensating Mandelstam variable, but because 
of considering all orderings of gauge fields. There 
is no contact term for p = n case. 
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